
MATH 221–02 (Kunkle), Final Exam
160 pts, 2 hours

Name:
Apr 29, 2024 Page 1 of 3

No notes, books, electronic devices, or outside materials of any kind.

Read each problem carefully and simplify your answers.

Unless otherwise indicated, supporting work will be required on every problem worth more
than 2 points.

You are expected to know the values of all trig functions at multiples of π/4 and of π/6.

∫

sinn x dx = − 1

n
sinn−1 x cosx+

n− 1

n

∫

sinn−2 x dx

∫

cosn x dx =
1

n
cosn−1 x sinx+

n− 1

n

∫

cosn−2 x dx

∫

tann x dx =
1

n− 1
tann−1 x−

∫

tann−2 x dx

∫

secn x dx =
1

n− 1
secn−2 x tanx+

n− 2

n− 1

∫

secn−2 x dx (n 6= 1)

1a(4 pts). Find the vector projection (also known as the orthogonal projection) of 〈1, 2, 1〉
onto 〈−1,−1, 1〉.
1b(1 pts). Which of these is the best description of the correct answer to 1a? (circle one)

i. The point on the line 〈−t,−t, t〉 closest to the point (1, 2, 1).

ii. The point on the line 〈t, 2t, t〉 closest to the point (−1,−1, 1).

iii. The area of the parallelogram with 〈1, 2, 1〉 and 〈−1,−1, 1〉 for its sides.

2(4 pts). Two students are working on the problem of maximizing and minimizing a function
q(x, y) on the disk D = {(x, y) | x2 + y2 ≤ 1}. They observe that q(x, y) is continuous and
differentiable everywhere in the xy plane.
The first student has determined that the maximum and minimum values of q on the circle
x2 + y2 = 1 are 3 and −2.
The second student has determined that the only solutions to qx(x, y) = qy(x, y) = 0 are
(x, y) = (0, 1± 1

3
), and that q(0, 2

3
) = 7 and q(0, 4

3
) = −4.

Assuming their work is correct, can you determine the maximum and minimum values of
q(x, y) on D?

3(32 pts). Let r(t) = 〈e1−t, t−1, 1

2
t2 + 1〉 be the position of a particle at time t.

a. Find the particle’s velocity, acceleration, and speed at t = 1.
b. Find a parametric equation of the line tangent to the particle’s path at the point
corresponding to t = 1.
c. Find aT and aN , the tangential and normal components of the particle’s acceleration
at t = 1.
d. Is the particle is speeding up or slowing down at t = 1? Explain briefly.
e. Find T, N, and B and curvature κ at t = 1.
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4(4 pts). Find the contour plot of each of the four functions below.

4 5 6

1 2 3

a. (x+ y)2

b.
√

x2 + y2

c. 1− x2 − y2

d. x− y2

5(8 pts). Compute the gradient of each of the four functions and find its plot.

10 11 12

7 8 9

a. ∇
(

(x+ y)2
)

=

b. ∇
(
√

x2 + y2
)

=

c. ∇
(

1− x2 − y2
)

=

d. ∇
(

x− y2
)

=

6a(4 pts). Find the directional derivative of ℓ(x, y) = x− y2 in the direction 〈 3
5
, 4
5
〉 at the

point (x, y) = (3, 2).

6b(4 pts). Suppose that the temperature at every point in the xy-plane is given by ℓ(x, y) =
x−y2 (degrees), and that an insect traveling in the plane is at position 〈x(t), y(t)〉 at time
t (seconds), and that

x(0) = 3 y(0) = 2 xt(0) = 4 yt(0) = −5

At time 0, at what rate (degrees per second) is the temperature experienced by the insect
changing?
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7(19 pts). Determine the (x, y) coordinates of all local maxima, local minima, and saddle
points of φ(x, y) = 1

3
x3 − 4x+ xy2, and state which is which.

8. Find either an xyz-equation or parametric equation(s) of the plane described in each
part.

a(5 pts). Passing through the points (0, 0, 0), (1, 2, 1), and (−1,−1, 1).
b(10 pts). Tangent to the surface xey−z + yz lnx = 1 at the point (1, 1, 1).
c(13 pts). Tangent to the surface parametrized by r(u, v) = 〈v2, uv, 1

2
u2〉 at the point in

3-space corresponding to (u, v) = (1, 1).

9(16 pts). Find the volume of the solid above the cone z =
√
3
√

x2 + y2 and below the
sphere x2 + y2 + z2 = 16.

10. A fluid flowing through 3-space has velocity 〈x2 − y + z, x + y2 − z,−x + y + z2〉 at
the point (x, y, z).

a(14 pts). Find the net rate of flow (a.k.a. “flux”) of the fluid out of the rectangular
parallelogram with vertices

(0, 0, 0) (0, 2, 0) (0, 0, 3) (0, 2, 3)

(1, 0, 0) (1, 2, 0) (1, 0, 3) (1, 2, 3)

by first writing the flux as a triple integral.

b(22 pts). Find the net rate of flow (a.k.a. “circulation”) of the fluid around the triangle

(0, 0, 2)
ւ տ

(1, 0, 0) −→ (0, 1, 0)

by first writing the circulation as a surface integral.
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1a(4 pts).(Source: 12.3.41)

proj〈−1,−1,1〉〈1, 2, 1〉 =
〈1, 2, 1〉 · 〈−1,−1, 1〉

〈−1,−1, 1〉 · 〈−1,−1, 1〉〈−1,−1, 1〉 = −2

3
〈−1,−1, 1〉,

or 〈 2
3
, 2

3
,−2

3
〉.

1b(1 pts). Correct response is i.

2(4 pts).(Source: 14.8.31-42) The absolute extrema of a function on a
region must occur at a boundary point or at a critical point interior
to the region. Since the max and min along the boundary of D are
3 and −2 and q equals 7 at the only critical point interior to D, the
maximum and minimum of q on D are 7 and −2, respectively.

3a(7 pts). velocity v = dr
dt = 〈−e1−t,−t−2, t〉. acceleration a = d2

r

dt2 = 〈e1−t, 2t−3, 1〉. At

t = 1, r = 〈1, 1, 3
2
〉, v = 〈−1,−1, 1〉, a = 〈1, 2, 1〉, and speed = |v| =

√
3.

3b(3 pts). The tangent line passes through the point (1, 1, 3
2
) and is parallel 〈−1,−1, 1〉.

The line is parametrized by the vector-valued function

〈1, 1, 3
2
〉+ t〈−1,−1, 1〉,

or 〈1− t, 1− t, 3
2
+ t〉.

3c(10 pts).(Source: 13.4.41-42)

v × a =

∣

∣

∣

∣

∣

∣

i j k

−1 −1 1
1 2 1

∣

∣

∣

∣

∣

∣

= i

∣

∣

∣

∣

−1 1
2 1

∣

∣

∣

∣

− j

∣

∣

∣

∣

−1 1
1 1

∣

∣

∣

∣

+ k

∣

∣

∣

∣

−1 −1
1 2

∣

∣

∣

∣

= 〈−3, 2,−1〉

Recall that if θ is the angle between v and a, then

aT = |a| cos θ =
v · a
|v| =

−2√
3
, and aN = |a| sin θ =

|v × a|
|v| =

|〈−3, 2,−1〉|√
3

=

√

14

3
.

3d(2 pts).(Source: 13.4. 7 ) d2s
dt2 = aT < 0. The particle is slowing down since its speed is

decreasing.

3e(10 pts).(Source: (Source: 13.3.47-48) )

T =
1

|v|v =
1√
3
〈−1,−1, 1〉 B =

1

|v × a|v × a =
1√
14

〈−3, 2,−1〉

N = B×T =
1√

3
√
14

〈−1,−1, 1〉 × 〈−3, 2,−1〉 = 1√
42

〈1, 4, 5〉

κ =
|v× a|
|v|3 =

√

14

27
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4(4 pts).(Source: 14.1.61-66) A contour map of f(x, y) consists of curves f(x, y) = k for some
evenly spaced constants k.
a. level curves are {(x+ y)2 = k}, or {x+ y = ±

√
k}, lines of slope −1. graph 4.

b. {
√

x2 + y2 = k} are circles of radius k. These are evenly spaced when k is. graph 3.
c. {1− x2 − y2 = k}, or {x2 + y2 = 1− k}, are circles of radius

√
1− k. When k is evenly

spaced, these are not. graph 6.
d. {x = y2 + k} are parabolas opening to the right. graph 1.

5(8 pts).(Source: 14.6.7a,8a,16.1.29-32) The gradient ∇f(x, y) = 〈fx, fy〉 is perpendicular the
level curves of f(x, y).
a. ∇((x+ y)2) = 〈2(x+ y), 2(x+ y)〉, a scalar multiple of 〈1, 1〉 and ⊥ graph 4. graph 7.

b. ∇
√

x2 + y2 = 〈 1
2
(x2 + y2)−1/22x, 1

2
(x2 + y2)−1/22y〉 = 1√

x2+y2
〈x, y〉 = unit vector in

the same direction as 〈x, y〉. Is ⊥ graph 3. graph 9.
c. ∇(1− x2 − y2) = −2〈x, y〉. Proportional to 〈x, y〉 in opposite direction. Is ⊥ graph 6.
graph 10.
d. ∇(x − y2) = 〈1,−2y〉. Points right and down if y > 0 and up if y < 0. Is ⊥ graph 1.
graph 8.

6a(4 pts).(Source: 14.6.7-8) ∇ℓ = 〈1,−2y〉 = 〈1,−4〉 at (3, 2). See 9 , p. 950. Derivative in

direction u is ∇ℓ · u = 〈1,−4〉 · 〈 3
5
, 4
5
〉 = 3

5
− 16

5
= −13

5
.

6b(4 pts).(Source: 14.5.13,35) At time 0, 〈x, y〉 = 〈3, 2〉. By the chain rule,

ℓt = ℓxxt + ℓyyt = 3 · 4 + (−4)(−5) = 32 deg/sec.

7(19 pts).(Source: 14.7.5-13) First, find φ’s critical points: φy(x, y) = 2xy = 0 implies either
x = 0 or y = 0. Substituting these into φx = x2 − 4 + y2 = 0 gives four critical points:
(0, 2), (0,−2), (2, 0), and (−2, 0).
Now apply the Second Derivative Test at these points.

D =

∣

∣

∣

∣

φxx φxy

φxy φyy

∣

∣

∣

∣

=

∣

∣

∣

∣

2x 2y
2y 2x

∣

∣

∣

∣

= 4(x2 − y2).

critical point D φxx conclusion

(2, 0) 16 4 local minimum

(−2, 0) 16 −4 local maximum

(0, 2) −16 irrelevant saddle point

(0,−2) −16 irrelevant saddle point

8. See 7 , p. 827. To find the equation of a plane, we need a point on the plane and a
vector normal to the plane.

8a(5 pts).(Source: 12.5.31-33) This plane is parallel the vectors 〈−1,−1, 1〉 and 〈1, 2, 1〉, so
their cross product 〈−3, 2,−1〉 is normal to the plane. Since it passes through (0, 0, 0), the
plane is given implicitly by the equation −3x+ 2y − z = 0.

8b(10 pts).(Source: 14.6.41-46) The gradient of a function is perpendicular to its level
curves/surfaces. ∇(xey−z+yz lnx) = 〈ey−z+yz 1

x , xe
y−z+z lnx,−xey−z+y lnx〉, which, at
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(1, 1, 1), equals 〈2, 1,−1〉. The plane is given by the equation 2(x−1)+(y−1)−(z−1) = 0,
or 2x+ y − z = 2.
8c(13 pts).(Source: 16.6.33-36) The point corresponding to (u, v) = (1, 1) is given by r(1, 1) =
〈1, 1, 1

2
〉. The vector ru × rv =

∣

∣

∣

∣

∣

∣

i j k

0 v u
2v u 0

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

i j k

0 1 1
2 1 0

∣

∣

∣

∣

∣

∣

= 〈−1, 2,−2〉

is normal to the plane, which is given implicitly by −(x− 1) + 2(y− 1)− 2(z − 1

2
) = 0, or

−x+ 2y − 2z = 0.
See review notes example 16.6.re.5. Since it is parallel to both ru(1, 1) = 〈0, 1, 1〉 and
rv = 〈2, 1, 0〉 and passes through (1, 1, 1

2
), the plane can be expressed parametrically by

ρ(s, t) = 〈1, 1, 1
2
〉+ s〈0, 1, 1〉+ t〈2, 1, 0〉,

or 〈1 + 2t, 1 + s+ t, 1

2
+ s〉.

9(16 pts).(Source: 15.3.25,15.7.23,15.8.30) Solution one (cylindrical coordinates):
The cone and sphere intersect when x2 + y2 + 3(x2 + y2) = 16, or x2 + y2 = 4. Limits are

0 ≤ θ ≤ 2π, 0 ≤ r ≤ 2. Using
√

x2 + y2 = r, the volume can be written

∫ 2π

0

∫ 2

0

∫

√
16−r2

r
√
3

dz r dr dθ =

∫ 2π

0

∫ 2

0

(
√

16− r2 − r
√
3)r dr dθ

=

∫ 2π

0

(−1

3
(16− r2)3/2 −

√
3

3
r3)

∣

∣

∣

2

0

dθ

= 2π(−1

3
123/2 +

1

3
163/2 −

√
3

8
),

Solution two (spherical coordinates):
r
z = tan θ and z = r

√
3 together tell us that tanφ = 1√

3
. Therefore φ = π

6
along the cone.

The volume can be written

∫ 2π

0

∫ π/6

0

∫ 4

0

ρ2 sinφ dρ dφ dθ =

∫ 2π

0

dθ

∫ π/6

0

sinφ dφ

∫ 4

0

ρ2 dρ

2π(− cos(π/6) + cos 0)
1

3
43 = 2π(1−

√
3

2
)
1

3
43

With some effort, you can show that the answers in solutions one and two are the same.
In rectangular coordinates, the volume is

∫ 2

−2

∫

√
4−x2

−
√
4−x2

∫

√
16−x2−y2

√
3

√
x2+y2

dz dy dx,

but evaluating this would be a challenge.
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10a(14 pts).(Source: 16.9.5-6, 15.6.2) The divergence of F = 〈x2−y+z, x+y2−z,−x+y+z2〉
is ∇·F = (x2 − y+ z)x +(x+ y2 − z)y +(−x+ y+ z2)z = 2x+2y+2z. By the divergence
theorem, the flux of F out of the parallelogram is the triple integral of divF:

∫ 1

0

∫ 2

0

∫ 3

0

(2x+ 2y + 2z) dz dy dx.

Remembering that the integral of a constant is that constant times the length of the
integral, the triple integral is

∫ 1

0

∫ 2

0

(6x+ 6y + 9) dy dx =

∫ 1

0

(12x+ 12 + 18) dx = (6 + 12 + 18) = 36.

10b(22 pts).(Source: 16.8.7, 16.7.11, 15.2.19,22) Stokes’s theorem says that the circulation
around the triangular path is the same as the integral of curlF · n dS over any surface
whose boundary is that triangle. The simplest surface to use is the interior of the triangle.
We need an equation of the plane passing through the three points. You can either use
the method of problem 8a, or simply observe that 2x + 2y + z = 2 is satisfied by each of
the three given points, and so this linear equation must be the equation of the plane.
Since z is a function of x and y along this plane, we can parametrize the plane using
r(x, y) = 〈x, y, 2− 2x − 2y〉. Choosing limits in x and y that describe the shadow of the
triangle in the xy-plane gives 0 ≤ x ≤ 1, 0 ≤ y ≤ 1− x.

n dS = ± rx × ry dx dy = ±

∣

∣

∣

∣

∣

∣

i j k

1 0 −2
0 1 −2

∣

∣

∣

∣

∣

∣

dx dy = ±〈2, 2, 1〉 dx dy.

In order for the positive direction around the triangle to be the one indicated in the
statement of the problem, choose n dS = +〈2, 2, 1〉 dx dy.
The curl of F is

∇×F = 〈 ∂

∂x
,
∂

∂y
,
∂

∂z
〉 × 〈x2 − y + z, x+ y2 − z,−x+ y + z2〉

=

∣

∣

∣

∣

∣

∣

i j k
∂
∂x

∂
∂y

∂
∂z

x2 − y + z x+ y2 − z −x+ y + z2

∣

∣

∣

∣

∣

∣

= 〈2, 2, 2〉

.
The circulation equals the surface integral

∫ 1

0

∫ 1−x

0

〈2, 2, 2〉 · 〈2, 2, 1〉 dy dx =

∫ 1

0

∫ 1−x

0

9 dy dx =

∫ 1

0

9(1− x) dx =
9

2
.

Complete your course-instructor evaluations at https://coursereview.cofc.edu/


