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No notes, books, electronic devices, or outside materials of any kind.

Read each problem carefully and simplify your answers. Supporting work will be required
on every problem worth more than 2 points.

1. Let y = [ 4 3 −3 ]T and w = [ 1 0 −2 ]T .

a (8 pts). Write y as the sum of a vector parallel to w and a vector orthogonal to w.
b (4 pts). Based on your work in part a, what would you say is the distance from y to the
line spanned by w?

2 (20 pts). Apply the Gram-Schmidt process to the three vectors





2
−1
1



 ,





−1
3
−1



 ,





−7
1
3



.

3. Let L =







1 2
1 0
−1 −3
−1 1






and b =







−4
0
8
0






.

a (12 pts). Find the least-squares solution to Lx = b.
b (4 pts). Use your answer to part a to find the projection of b onto ColL.

4 (4 pts). The set











2
0
0



 ,





−1
1
0



 ,





0
0
4











is a basis for R3.

Find the vector in R3 whose coordinates with respect to this basis are [ 0 3 1 ]T .

5 (8 pts). Compute the determinant of D =







1 −1 0 2
0 2 0 1
−1 −1 0 −1
−3 1 −2 0







6a (10 pts). Find the eigenvalues of H =

[

2 −2
−2 2

]

.

6b (4 pts). Find the rank of H (in part a above).

7a (8 pts). Determine which of the vectors

{[

1
1

]

,

[

1
−1

]

,

[

1
3

]

,

[

−2
−6

]}

are eigenvectors

of M =

[

5 −2
6 −3

]

.

7b (4 pts). Either find real, square matrices P and D so that D is diagonal and PDP−1 =
M (from part a above) or explain why this is not possible.
(In the first case, you are not required to find P−1.)

8. Let A =





2 4 0 −4 6
−1 −1 −1 1 −2
0 −3 3 4 −3



 and c =





−8
2
7



.

a (23 pts). Write the general solution to Ax = c in parametric vector form.
b (3 pts). Write the general solution to Ax = 0 in parametric vector form.
c (2 pts). Do the columns of A span R3?
d (2 pts). Are the columns of A linearly independent?
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e (2 pts). Define T : R5 → R3 by the rule T (x) = Ax. Is T one-to-one?

f (2 pts). Is T onto?

9. Let G =





0 2 −2
−1 1 −1
3 −3 4



, and let H−1 =





1 0 0
0 −1 0
1 2 1



.

a (12 pts). Find G−1.

b (8 pts). Find the matrix X for which XH = G.

c (8 pts). Find (GH)−1.

10 (20 pts). Suppose that

C =





1 0
0 1
−1 2



 u =





0
1
2



 v =

[

0
3

]

w =

[

2
1

]

B =

[

2 0
1 3

]

Find the following or state that it does not exist.

a. Cu b. CB c. BC
d. uvT e. vTw f. (−101C)B
g. BTCT h. ‖w‖ i. ‖ − 101w‖

11 (8 pts). Suppose that P and R are row equivalent, where

P =





3 q 1 r s
0 0 2 t u
0 0 0 0 0



 R =





a b c d e
f g h i j
k l m n p





Find a basis for each of the following. (If any of these are the same, say so and you needn’t
write the basis twice.)

a. RowP b. RowR c. ColP d. ColR

11, continued (2 pts). Find each of the following, or state that more information is needed.

e. dimNulP f. dimNulR

12a (5 pts). Let {v1,v2,v3} be a set of three vectors in a vector space V . State what it
means for {v1,v2,v3} to be linearly independent.

12b (5 pts). State what it means for {v1,v2,v3} to span V . (Don’t use the word “span”
in your definition.)

12c (6 pts). Are the three polynomials { 1 , (t− 1)(t+ 1) , t3 + 2 } in P3 linearly inde-
pendent? (Recall that Pn is the space of all polynomials of degree at most n.)
No one-word answers. Supporting work required.

12d (6 pts). Do the three polynomials { t , 2t+ 1 , t− 1 } span P1?
No one-word answers. Supporting work required.










